ABSTRACT Consistency estimation of decision-makers' judgments in decision-making processes is fundamental to generating agreements and making decisions. Analytic hierarchy process (AHP) is a widely used method to solve this type of problem, enabling evaluation of the consistency of judgments emitted by the decision-makers through the maximum eigenvalue of the matrix of judgments. In addition to the consistence index originally proposed in AHP, different indexes have been proposed in the literature, which use the minimum element of consistency. These indices that solve some of the original consistency index problems, present others that may question their usefulness. The purpose of this paper is to propose a new index, as an improvement of the previous indexes. Among other characteristics, this new index is intuitive and easy to use, is bounded in the interval [0,1], proposes a critical value to accept or reject matrices, that depends on the size of the pairwise-comparison matrix, and can be extended to another type of pairwise-comparison scales. In addition, the probability distribution for the new index is defined, which enables calculating the probability of a matrix being consistent, as a function of the critical acceptance value.
I. INTRODUCTION
Making decisions correctly is one of the most important challenges that people face, because our future or that of others will depend on them. Different decision methods have been proposed to assist people in decision-making processes, that try to help model such processes [1] - [9] . The Analytic Hierarchy Process (AHP) is a multicriteria decision-making model, developed by Saaty [5] , widely studied and applied in the most diverse fields. This method, besides helping model the decisions, has an index: CI , that enables to measure the decision-makers judgments' consistency; and a consistency ratio: CR, that is used to accept or reject judgments issued by decision makers, acting as a critical acceptance-rejection value of the pairwise-comparison matrices.
The consistency index is given by CI = (λ max −n)/(1−n), where λ max is the largest eigenvalue of the n × n reciprocal pairwise-comparison matrix. In [5] , Saaty showed that if a decision maker is perfectly consistent, i.e., a ik = a ij a jk for all i, j, k = 1, . . . , n, λ max = n (CI = 0) and if the decision maker is not perfectly consistent, then λ max > 0. In order to measure this consistency, Saaty proposed a consistency ratio defined as CR = CI /(RI (n)), where RI is the average value of CI , obtained from positive reciprocal pairwise-comparison matrices whose entries were randomly generated using a 1 to 9 scale. Saaty considers that a value of CR under 0.10 indicates that the decision maker is sufficiently consistent. Table 1 contains values of the average RI for different values of n [10] . This consistency measure seems reasonable, however there are several works where it is disputed [11] , [12] . Several questions are found, for example, in [11] and [12] : why ten percent?; should the cut-off rule be a function of the matrix size?; is it possible to use the CI in other types of reciprocal matrices, e.g. a ik = a ij a jk ? These disputes have provoked the proposal of several indexes [11] - [15] .
In [11] and [12] two interesting alternatives are proposed to the original index proposed by Saaty. In both proposals an index is raised that establishes the consistency based on the minimum consistency element, which is transitivity according to a judgment matrix A defined in Table 2:   TABLE 2 . Transitivity, minimum element of consistency.
In [12] and [16] , a consistency index is proposed, denoted as CM and defined as:
The consistency measure proposed is bounded, 0 ≤ CM ≤ 1, however, it does not establish a cut-off point or critical point for the CM value.
Pelaez-Lamata propose in [11] an index based in the ordinal consistency [17] using the minimum element of consistency, denoted as CI * and defined as the determinant of matrix A n×n according to:
where (A) is the number of different transitivities ( i ) in the matrix of judgments A. In addition to index CI * , Peláez-Lamata introduce a critical value dependent on matrix order and acceptance percentiles. Although the index CI * is intuitive, easy to calculate and can be extended to other scales of judments' positive matrices, it is not bounded in interval [0,1], as would be desirable in a consistency index, given that for a mathematical object or an object constructed from it, it is interesting to establish a relation of order with the upper or lower bound of the interval [0,1].
The objective of this work is to propose an improvement of the index proposed in [11] , generating a new index bounded in the interval [0,1], maintaining the characteristics of easy of use, and applicable with other scales. In addition, the probability distribution for the new index is estimated with a Monte Carlo experiment, which yields the probability of a matrix being consistent as a function of the chosen percentile of acceptance. To accomplish these objectives, the work has been organized as follows. In section 2, we define the new index CI + . In section 3, we calculate critical values for the new index based on the percentile concept. Then we propose a new critical value, RC + , that depends on the percentile, and characterize the probability distribution of CI + to estimate the probability that a matrix of a given order. In section 4, we apply the index to other scales. Finallly in Section 5, we present the conclusion.
II. CONSISTENCY INDEX CI

+
To define the new index, we start with transitivity, which is the minimum element of consistency (see Table 2 ). Transitivity ensures that Arrow's principle of irrelevant alternatives [18] is met. This ensures that eliminating an alternative does not produce Rank Reversal, and ensures that row dominance is satisfied in the pairwise comparison matrix.
As shown in [11] , a reciprocal pairwise-comparison matrix of order 3 is consistent, if and only if, the matrix determinant is null, and therefore a ik /a ij a jk + a ij a jk /a ik = 2, and each of the terms in the left hand side is equal to 1. To simplify the notation, let a ik /a ij a jk = x, and let f (
To determine the values of x min and x max note that x min = min a ik /a ij .a jk , which corresponds to min {a ik }/max a ij .a jk . Similarly, x max = max a ik /a ij .a jk , which corresponds to max {a ik }/min a ij .a jk . Here we assume that we are using the fundamental AHP scale. Hence, we have min {a ik }/max a ij .a jk = 9 −3 and max {a ik }/min a ij .a jk = 9 3 , where 9 is the maximum value of the comparison scale between pairs.
So, in order to define the function f (
where = f (x max ). For the AHP scale, = 9 3 + 9 −3 . Definition 1: The consistency index CI + of a positive reciprocal matrix A 3×3 is defined as: For A n×n matrices, the index follows the proposition in [11] based on the average of all 3-by-3 transitivities.
Definition 2: The consistency index CI + of an n-by-n positive reciprocal matrix A n×n is defined as:
where:
• ϒ i is the i th transitivity of the matrix A n×n , VOLUME 6, 2018
• (A n×n ) = (n − 3)!3!/n!, is the number of different transitivities in the matrix A n×n .
III. CRITICAL VALUE
One of the most important criticisms to the AHP consistency scheme is in relation to CR ≤ 0.1, since for matrices of order greater than 6, the percentage of matrices accepted as consistent is almost null [5] , [11] , [12] , [20] . In order to solve this problem, [11] and [20] propose the concept of percentile as the value for accepting judgment matrices. Usage of the percentile concept implies: first, the percentage of matrices accepted for each order is similar; second, the critical value of the index varies for each matrix order (n) [11] . Next, we establish a critical value for CI + as a function of the acceptance percentile. For this purpose, we first relate CI + values to that of CR established by Saaty; second, we calculate the values of CI + for different percentiles; and finally, we calculate the probability distribution of index CI + .
A. RELATION BETWEEN CI + AND CR
This section deals with the relation of CI + to CR, as well as its critical value calculation (CI * ) for CR ≤ 0.1.
such that matrices A n×n are considered consistent (under criterion CR ≤ 0.1). In order to establish this relation we first relate CR to CI * , and then relate CI * to CI + . For matrices of order 3 [11] , [12] :
Then taking into account that for an matrix to be consistent,
Solving (7) for CI * , we have CI * ≤ 1.1268, which is the critical value of CI + for a matrix of order n = 3 to be consistent under Saaty's criterion. Table 3 contains critical values α of CI * , CI * ≤ α, for matrices of order n ≥ 3, also calculated numerically, taking into account equation (7). 
where CI * (A 3×3 ) ≤ 1.1268, and since:
1268, consequently, for matrices n × n(n ≥ 3) we have: Table 4 shows values of δ as a function of matrix order, these values being the lower limits for CI + .
TABLE 4.
Values of δ, so that matrices n × n are consistent, CI + ≥ δ.
As shown in Table 4 , critical values of CI + vary with n (decreasing with n), although this variation occurs in the tenthousandth digit.
In order 3 matrices, with CI + = 0.9985, 22.06% are considered consistent; however, this percentage falls drastically from n = 4, since for that case only 3.36% of matrices are consistent, reaching only 0.0074% for n = 6 and practically 0% for n greater than or equal to 7, as can be seen in Table 5 . Therefore, it is necessary an alternative critical value that is more applicable in practice, which leads us to consider percentiles. 
IV. CRITICAL VALUES OF CI
+ FOR DIFFERENT PERCENTILES Table 5 shows percentages of consistent matrices for n ≥ 3, calculated with critical values for CI + established in Table 4 . As other authors pointed out [11] , [19] , the percentage of accepted matrices decrease considerably as a function of matrix order, becoming almost null, less then 0.1%, for orders of n ≥ 7. In order to solve this problem we propose the use of a critical value based on the percentile concept [11] , [19] . The percentile concept is based on the idea of admitting as consistent matrices, the same percentage for all n values [11] . In Table 6 , we present the different percentiles for CI + , calculated through a Monte Carlo simulation. An important point to highlight is the consistent matrix interpretation and its relation to the percentile. If we consider consistency as the decision maker's capacity to establish transitivity at least between the alternatives (Fig. 1) , this corresponds to CI + value equal to 0.9985 and percentile 77.94 (22.06% of consistent matrices for n = 3). Table 7 shows CI + values for percentile 77.94 for different matrix orders. that makes it possible to find the percentile critical value as a function of n, according to (11) .
Percentile usage as a critical value for CI + is a way of relating the total of matrices accepted as consistent, as a function of matrix order. It is also flexible, because it enables to choose a percentile value 1 − p i to accept a 100 × (1 − p i )% of n × nï£¡ matrices as consistent.
At this point, we propose a new critical value which we define as CR + p (M ), so that if we establish as consistent that matrix that maintains transitivity (percentile 77.94), CR + values would be those shown in Table 8 . 
A. PROBABILITY DISTRIBUTION OF CI
+
Finding matrix consistency is a problem whose complexity increases with matrix order, since it is impossible to generate all judgments matrices in operative computational time. For example, for order 5 we have a total of 2.01599 × 1012; and for order 9, 1.9777 × 1044 matrices. Given the impossibility of generating all matrices, we calculate the probability of a matrix being consistent, through the probability distribution of the variable, in our case, index CI + .
B. PROBABILITY DISTRIBUTION OF CI
+
Finding matrix consistency is a problem whose complexity increases with matrix order, since it is impossible to generate all judgments matrices in operative computational time. For example, for order 5 we have a total of 2.01599 × 10 12 ; and for order 9, 1.9777 × 10 44 matrices. Given the impossibility of generating all matrices, we calculate the probability of a matrix being consistent, through the probability distribution of the variable, in our case, index CI + .
Likewise, calculating the probability distribution is analytically impossible, as has already been shown for CR [5] , [20] , [21] . However, it is possible to obtain an estimate of the theoretical probability distribution, and based on VOLUME 6, 2018 it, find the Statistically Consistent Matrices (ECM), employing random simulations [20] .
In order to compute the probability distribution function of CI + , we consider that the elements of a positive and reciprocal pairwise-comparison matrix constitute a set of discrete random variables X ij , 1 ≤ i < j ≤ n , uniformly distributed with a mass function or probability function given by: P X ij = ω = 1/17, ω = 1/9, . . . , 1/2, 1, . . . , 9 and X ji = 1/X ij , ∀i < j. Once the previous consideration is established, we calculate a theoretical probability distribution function for index CI + , for which we analyze the cumulative probability distribution of n = {ψ 1 , ψ 2 , ψ 3 , . . . , ψ N }, F Dp , where ψ i = CI + (A i ), A i are the positive reciprocal matrices of order n, and N is the sample's size of matrices in the random experiment. At this point, what we are looking for is to estimate a function that models the behavior of CI + .
The calculation was carried out by means of a Monte Carlo experiment, where up to a total of 700,000 matrices have been generated in several cycles, taking into account the random matrices that are possible to be constructed from the fundamental AHP scale a ij ∈ {1/9, . . . , 1/2, 1, .., 9.} . We have also explored the possibility of improving the consistent matrices occurrence probability computation, depending on the matrix order, using iterative random exploration techniques [22] . In this sense, we propose to calculate the F Dp for each order n, multiple times, increasing each time in the number of random samples generated until convergence, which is established by the difference between cycles:
where k corresponds to the k th cycle of the experiment and ε is the tolerance allowed (ε = 1 × 10 9 for this work). Likewise, we calculate the final cumulative probability by means of a regression analysis, which takes into account all the executions made until convergence is reached; this is necessary because it is not feasible to reach a significant number of samples given the excessive computing power required for this type of experiment. For the random experience of this work, the total number of samples generated is:
where N is the total number of cycles performed until convergence is reached, m is the initial number of iterations. Finally, it is necessary to point out that the proposed strategy is highly parallelizable, which enables us to optimize the computational resources available and to reduce the necessary time to carry out the experiment. In order to estimate n , we perform an adjustment of CI + values using a numerical computational resource, and we look for the expression that best represents the behavior of CI + experimentally. Fig. 3 shows the adjustment graph, using three different distributions: (a) Normal, with As shown in Fig. 3 , the non-parametric function with a uniform kernel, called Epanechnikov, is the one that best fits the data, i.e., to n . The Epanechnikov kernel is given by:
otherwise (14) where u denotes the difference CI + (A i ) −ˆ n (whereˆ n is the estimated n ); K (u) is nonnegative, centered at zero, symmetric and with integral equal to 1. Table 9 shows the probabilities of generating a consistent matrix for different percentiles, i.e., P [ n ≤ ψ n ] = p i , where
For a matrix to be consistent δ ≤ CI + ≤ 1, i.e., ψ n ≥ δ. Therefore, the probability that a matrix is consistent is given by
Another advantage of this index, is that it can be easily applied to other matrices with different judgment scales (e.g., fuzzy and additive scales [23] ) and consistency ratio, because it is defined as a function of the matrix determinant.
V. APPLICATION TO OTHER SCALES A. FUZZY SCALE
The fuzzy scale takes values in the interval [0, 1] and the consistency relation is defined as a ik = a ij − 0.5 + a jk , ∀i, j, k [23] . In order to apply the consistency index to this scale, it is only necessary to define the value in equation (4) . We next define as application example, the consistency index for the fuzzy scale.
As shown above is the maximum value expression a 13 /a 12 a 23 + a 12 a 23 /a 13 can take, which implies that a 13 /a 12 a 23 = 100, since a 13 must be maximum and the product a 12 a 23 must be minimum, i.e., a 13 = 1 and a 12 = a 23 = 0.1(a 12 = 0, a 23 = 0). Then, for order 3 matrices of fuzzy comparisons, CI + is given by: 
Which leads to: Fig. 4 shows index CI + for randomly generated, matrices of order 3, using the fuzzy scale. As the graph shows, the index is bounded in the interval [0,1], and its extension to higher orders is trivial, by the index definition itself (Definition 2).
Likewise we calculate a critical value, making the same considerations as in previous case, that is, the transitivity between alternatives (Fig. 1) , this corresponds to percentile 96.46. Table 10 Finally, we estimate the probability distribution of CI + ( n ) for fuzzy scale, using a similar experiment to the previous one. The experiment shows that the function that best adjusts is the Non-parametric function with a Kernel Epanechnikov, as in the multiplicative scale of AHP. Fig. 6 shows adjustment graphs of cumulative probability function n for distributions: (a) Normal, with parameters Table 11 shows the probabilities of generating a consistent matrix for different percentiles with the fuzzy scale. 
B. ADDITIVE SCALE
The aditive scale takes values in interval [−1, 1] and the consistency relation is defined as a ik = a ij + a jk , ∀i, j, k [23] , [24] . When a ij ∈ [−1, 0), the function f (x) = x + 1/x, may have negative values of x, x = a 13 /a 12 a 23 (a 12 a 23 = 0), i.e. a 13 < 0 or a 12 a 23 < 0, for 3×3 matrices, then f (x) (which is a hyperbola) also manifests in the third quadrant of the Cartesian system, according to Fig. 7 . So, if we want to apply the proposed consistency index, we must reflect all the negative values of the function f (x) to the first quadrant. This is accomplished by using the absolute FIGURE 8. CI + for 100,000 order 3 judgments matrices randomly generated with the additive scale. value in transitivities |a 13 /a 12 a 23 | and |a 12 a 23 /a 13 |, as it has already been considered in (4) . The absolute value only have an effect on the additive scale because negative values appear, as shown in Fig. 7 , however is not necessary in the AHP or Fuzzy scales, although they have been considered for generalization purposes, as indicated in section 2 of this work. Then reflecting the values a 13 /a 12 a 23 , x of f (x), we have the same situation as with the fuzzy scale, allowing to use the same value of .
So, when the negative values of x are reflected to the first quadrant, will make 0 ≤ CI + ≤ 1, because we obtain, as explained about, the same value of ( = 100.001). Thus, CI + (A) 3×3 would be given by: 
In equation (19) , we use as well the 10 −1 value scale. But we could use any values using other scale, like it was explained recently. Fig. 8 shows index CI + for randomly generated matrices of order 3, using the additive scale (equation (19)). As the VOLUME 6, 2018 graph shows, the index is bounded in the interval [0, 1]. Its extension to higher order matrices is trivial as well, by the index definition (Definition 2).
For additive scale, 1.9% of the 3×3 simulated matrices are consistent, corresponding to the 98.10 percentile (CI + = 1). For order matrices 3, 4, 5 and 6 CI + , behavior is shown by Fig. 9 .
CI + simulation results for matrices order 3, 4, 5 and 6 for the additive scale is shown in Table 12 .
Also we estimate the probability distribution of CI + ( n ) for adittive scale, using an experiment like the previous one for fuzzy scale, using the same fitting method. The results is shown in Table 13 .
VI. CONCLUSION
An alternative consistency index has been presented for positive reciprocal comparison matrices used in AHP, as an improvement to the consistency index proposed by Peláez and Lamata [11] . This new index, denoted as CI + provides a solution to main problems presented by consistency indices [5] , [11] , [12] : Why ten percent ?; Should the cut-off rule be a function of the matrix size? Is it possible to use the index in other types of pairwise-comparison matrices? Is it intuitive? is the index bounded?
CI + is bounded between 0 and 1, taking the zero value for inconsistent matrices and one for consistent matrices; It is intuitive, since it is calculated based on the minimum element of consistency (transitivity) and on the matrix determinant. It can be extended to another type of judgment scale, such as the fuzzy scale, where the consistency relation (transitivity) is given by a ik = a ij − 0.5 + a jk , ∀i, j, k and the additive scale where a ik = a ij + a jk , ∀i, j, k. In addition, a new critical value (CR + ) has been proposed to accept or reject matrices, depending on matrix size; and a set of critical values for different acceptance percentiles, independent of the judgment scale and parameterizable through value of equation (4) . The probability distribution F Dp of CI + has been calculated, which enables to estimate the probability of a matrix being consistent, for different matrix orders and percentiles. F Dp has been calculated through a Monte Carlo experiment, where a total of up to 700,000 matrices have been generated, for each order and multiple times. Non-parametric resulted to be the best fitting function, based on the Epanechnikov kernel.
Finally, it has been shown how the index can easily be extended to other matrix types of pairwise-comparison, where another type of pairwise-comparison scale is used. In particular, the index has been applied to comparisonmatrices with fuzzy and additive scales. In addition to the index, its critical value has been calculated, based on percentiles, as well as its probability distribution, where the Nonparametric function with an Epanechnikov kernel was found to best fitting function, as was the case for the multiplicative AHP scale.
